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ON THE RELATIVE GERSTEN CONJECTURE FOR MILNOR K-THEORY
IN THE SMOOTH CASE
MORTEN LÜDERS
Abstract. We prove a statement about the relative Gersten conjecture for Milnor K-theory,
that is for the Milnor K-sheaf on smooth schemes over discrete valuation rings. This comple-
ments results of Gillet and Levine for K-theory, Geisser for motivic cohomology and Schmidt
and Strunk for étale cohomology.
1. Introduction
Let OK be a discrete valuation ring with residue field k and local parameter pi. Let X be a
smooth scheme of dimension d over Spec(OK). In [8] Gillet and Levine show that the Gersten
complex
0→ Kn,X −→
⊕
x∈X(0)
ix∗Kn(x) →
⊕
x∈X(1)
ix∗Kn−1(x)→ ...→
⊕
x∈X(d)
ix∗Kn−d(x) → 0
for algebraic K-theory is exact except at the first and third place. The Gersten conjecture for
algebraic K-theory says that this complex is exact everywhere and Gillet and Levine show that
this conjecture holds if it holds for the discrete valuation ring associated to the generic point of
the special fiber of X. There are analogous results for motivic cohomology by Geisser [5, Sec.
4] and under some additional assumptions by Schmidt and Strunk for A1-invariant cohomology
theories with Nisnevich descent such as étale cohomology in [22]. We will say that in these cases
the relative Gersten conjecture holds.
In this article we prove the analogous result for Milnor K-theory. Let KˆMn denote the improved
Milnor K-theory defined in [14] and KˆMn,X its sheafification. Kˆ
M
n coincides with usual Milnor K-
theory for fields and local rings with big residue fields. The main difference between (improved)
Milnor K-theory and the other theories mentioned above is that it does not have a localization
sequence.
Theorem 1.1. (Corollary 4.3) Let the notation be as above. Assume furthermore that OK is
excellent. Then the sequence of sheaves
KˆMn,X
i
−→
⊕
x∈X(0)
ix∗K
M
n (x) →
⊕
x∈X(1)
ix∗K
M
n−1(x) → ...
⊕
x∈X(d)
ix∗K
M
n−d(x) → 0
is exact. Furthermore, if OX,η is the discrete valuation ring induced by the generic point of the
special fiber, then i is injective if the map
KˆMn (OX,η) → K
M
n (Frac(OX,η))
is injective.
Philosophically the situation may be summed up as follows: the Gersten complex for Milnor K-
theory is exact when restricting to elements which are, or can be moved into, horizontal position
relative to the base. This reduces the exactness of the Gersten complex to the case of a discrete
valuation ring in which case the Gersten complex is known to be exact except at the first place.
This will get clearer in the proofs.
A few remarks are in order:
The author is supported by the DFG Research Fellowship LU 2418/1-1.
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Remark 1.2. (1) If OK is a field, then the Gersten conjecture holds for (improved) Milnor
K-theory, motivic cohomology, higher Chow groups, algebraic K-theory and étale coho-
mology by work of Kerz [13], Voevodsky [23], Bloch [1], Quillen [18] and Bloch-Ogus [2]
respectively. Using a method of Panin [17], these results can be extended to any local ring
A which is a regular, connected and equicharacteristic. For an axiomatic setup see [3].
(2) The Gersten conjecture holds for motivic cohomology in degrees (n, n) for smooth schemes
over discrete valuation rings by [5, Thm. 4.1].
(3) For smooth schemes over discrete valuation rings the relative Gersten conjecture for alge-
braic K-theory and motivic cohomology implies the Gersten conjecture for these theories
with finite coefficients (see [6, Thm. 8.2] and [5, Cor. 4.3]). These applications use that
Milnor K-theory has the special property that one can ”lift symbols” from the third to the
second place of the Gersten complex for a DVR. One cannot prove an analogous result
for Milnor K-theory with finite coefficients due to the mentioned lack of a localization
sequence. However, by comparison with K-theory one may obtain the following weaker
result (see [15, Prop. 3.2]): let (m, (n − 1)!) = 1 (for example m = pr and p > (n− 1)).
Then the Gersten conjecture holds for KˆMn /m.
(4) Let OhX,x be a henselian local ring with residue field k(x). Let l ∈ N>0 be prime to
ch(k(x)). Then the Gersten conjecture for Milnor K-theory with l-coefficients holds in
the Nisnevich topology. This follows from (2) and the following sequence of rigidity and
Bloch-Kato isomorphisms:
KMn ((O
h
X,x))/l
∼= KMn (k(x))/l
∼= Hn(k(x),Z/lZ(n)) ∼= Hn((OhX,x),Z/lZ(n)).
For a proof of the rigidity of Milnor K-theory see [4, Lem. 3.2]. The rigidity for motivic
cohomology is shown in [5, Thm. 1.2(3)]. The same result also holds with coefficients
which are not prime to ch(k(x)). This is much more subtle though and is the main result
of [16].
Acknowledgements. I would like to thank Matthew Morrow for pointing out the first part of
Remark 1.2, explaining facts about the DVR case to me and many helpful discussions on the
Gersten conjecture, also in the context of [16]. I would like to thank Christian Dahlhausen for
discussions on Section 5.
2. Preliminaries and geometric representation
2.1. Nisnevich descent and A1-invariance for Milnor K-theory. We recall two theorems
which are essential ingredients in the proof of the Gersten conjecture for Milnor K-theory by
Kerz in [13]. The first says that Milnor K-theory satisfies descent for Nisnevich-distinguished
squares:
Theorem 2.1. ([13, Thm. 3.1]) Let A ⊂ A′ be a local ring extension of semi-local rings with
infinite residue fields (i.e. Spec(A′)→ Spec(A) is dominant, maps closed points to closed points
and is a surjective map on closed pints). Let 0 6= f, f1 ∈ A be such that f1|f and A/(f) ∼= A
′/(f).
Then the diagram
KMn (Af1)
//

KMn (Af )

KMn (A
′
f1
) // KMn (A
′
f )
is co-cartesian.
The next property we need is homotopy invariance. We need to introduce some notation and
definitions. In the following let A be a semi-local domain which is factorial and has infinite
residue field. Let F be the quotient field of A.
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Definition 2.2. (1) An n-tupel of rational functions
(p1/q1, p2/q2, ..., pn/qn) ∈ F (t)
n
with pi, qi ∈ A[t] and pi/qi a reduced fraction for i = 1, ..., n is called feasible if the highest
nonvanishing coefficients of pi, qi are invertible in A and if for any irreducible factors u
of pi or qi and v of pj or qj (i 6= j), we have that u = av with a ∈ A
∗ or (u, v) = 1.
(2) Let
T tn(A) := Z < (p1, ..., pn)|(p1, ..., pn) feasible, pi ∈ A[t] irreducible or unit > /Linear
Here Linear denotes the subgroup generated by elements
(p1, ..., api, ..., pn)− (p1, ..., a, ..., pn)− (p1, ..., pi, ..., pn)
with a ∈ A∗.
(3) Let
St ⊂ T tn(A)
be the subgroup generated by feasible n-tuples (p1, ..., p, p−1, ..., pn) and (p1, ..., p,−p, ..., pn)
with pi, p ∈ F (t).
(4) Set
Ktn(A) := T
t
n(A)/St.
(5) Let 0 6= p ∈ A[t] be an arbitrary monic polynomial. Define
Ktn(A, p)
analogously to Ktn(A) but this time a tuple (p1/q1, p2/q2, ..., pn/qn) is feasible if addition-
ally all pi, qi are coprime to p.
Then the following generalization of the Milnor-Bass-Tate sequence holds:
Theorem 2.3. ([13, Thm. 4.5]) There exists a split exact sequence
0→ KMn (A) → K
t
n(A, p) →
⊕
pi
KMn−1(A[t]/(pi)) → 0
where the direct sum is over all monic irreducible pi ∈ A[t] with (pi, p) = 1.
2.2. Chow groups with coefficients. We introduce some notation for Chow groups with
coefficients from [19] and recall some of their properties. These will be used in the next section
to prove exactness of the Gersten complex on the right. Note that in [19] Rost assumes that the
base is a field but that his results transfer to hold over a discrete valuation ring too.
Let X be an excellent noetherian scheme of dimension d. Let
Cp(X,n) :=
⊕
x∈X(p)
KMn (x)
and let
d = ⊕∂xy : Cp(X,n) −→ Cp−1(X,n− 1)
be the map induced by the tame symbol (see [19, (3.2)]). It can be shown that these maps fit
into a complex
Cd−∗(X,n − ∗) := Cd(X,n)
d
−→ Cd−1(X,n − 1)
d
−→ Cd−2(X,n − 2) → ...
If n is arbitrary we also write Ap(X) for Hp(Cd−∗(X,n − ∗)).
From here on let all schemes be of finite type over an excellent discrete valuation ring and all
morphisms relativ to this base. There are the following four standard maps:
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Definition 2.4. (1) ([19, (3.4)]) Let f : X → Y be a morphism of schemes. Then the
pushforward
f∗ : Cp(X,n) → Cp(Y, n)
is defined as follows:
(f∗)
x
y =
{
Nk(x)/k(y) if k(x) finite over k(y),
0 otherwise.
(2) ([19, (3.5)]) Let g : Y → X be an equi-dimansional morphism of relative dimension s.
Then
g∗ : Cp(X,n) → Cp+s(Y, n)
is defined as follows
(g∗)xy =
{
length(OYx,y)i∗ if codimy(Yx) = 0,
0 otherwise.
Here i : k(x) → k(y) is the inclusion on residue fields and i∗ the induced map on Milnor
K-theory.
(3) ([19, (3.6)]) Let a ∈ O∗X(X). Then
{a} : Cp(X,n) → Cp(X,n + 1)
is defined by
{a}xy(ρ) = {a} · ρ
for x = y and zero otherwise.
(4) ([19, (3.7)]) Let Y be a closed subscheme of X and U = X − Y . Then the boundary map
∂UY : Cp(U, n) → Cp(Y, n − 1)
is defined by the tame symbol ∂xy .
We call a composition of some of the four standard maps a correspondance between cycle
modules and sometimes abbreviate the cycle modules Cp(X,n) associated to X by X. These
maps are compatible with the boundary maps d, i.e. induce maps of cycle complexes:
Lemma 2.5. ([19, Prop. 4.6])
(1) Let f : X → Y be proper. Then
dY ◦ f∗ = f∗ ◦ dX
(2) Let g : X → Y be flat and equidimensional with constant fiber dimension. Then
g∗ ◦ dX = dY ◦ g
∗
(3) Let a ∈ OX(X)
×. Then
dX ◦ {a} = −{a} ◦ dX .
We will also need the following lemma:
Lemma 2.6. ([19, Lemma 4.5]) Let g : Y → X be a smooth morphism of schemes of finite type
over a DVR of constant fiber dimension 1, let σ : X → Y be a section to g and let t ∈ OY be a
global parameter defining the subscheme σ(X). Moreover let g˜ : X \σ(X) → Y be the restriction
of g and let ∂ be the boundary map associated to σ. Then
∂X ◦ g˜
∗ = 0
and
∂X ◦ {t} ◦ g˜
∗ = ((id)X)∗.
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2.3. Geometric representation. We will need the following version of Noether normalization
over a DVR in the proof of Theorem 3.1.
Lemma 2.7. ([8, Lem. 1]) Let X be an affine scheme flat of finite type over a discrete valuation
ring OK . Let S ⊂ X be a finite set of points such that X is smooth at S over OK . Let Y be a
principle effective divisor which is flat over OK . Then there exists an affine open neighbourhood
X0 ⊂ X of S and a morphism pi : X0 → A
d−1
OK
, where d is the relative dimension of X over
Spec(O), such that
(1) pi is smooth of relative dimension 1 at the points of S.
(2) pi restricted to Y0 = X0 ∩ Y is quasi-finite.
In Section 4 we need the following geometric representation theorem:
Lemma 2.8. Let X be a smooth and affine scheme of relative dimension d over a discrete
valuation ring OK with infinite residue field k. Let S = {t1, ..., tn} ⊂ X be a finite set of closed
points and Z a principle effective divisor which is flat over OK . Then Zariski-locally around
{t1, ..., tn} there exists a map ϕ : X → A
d
OK
such that ϕ is étale and locally at {t1, ..., tn} defines
a closed immersion Z ∩ U → A1V for some open subset U ⊂ X containing {t1, ..., tn}.
Proof. Let Xk and Zk denote the special fibers of X and Z over Spec(OK). By [3, Thm. 3.2.2]
there exists a map ϕk : Xk → A
d
k satisfying the properties of the lemma. We can lift ϕk to a
morphism ϕ : X → AdOK . Then ϕ is smooth since X is flat over Spec(OK) and ϕ smooth on
special fibers (see [9, II, Cor. 2.2]). The second property follows from Nakayama’s lemma.

3. Exactness on the right
In this section we prove the following theorem. The proof is a combination of the strategies of
the proofs of [19, Thm. 6.1] and [8, Sec. 2]. In [19] the following theorem is proved for smooth
schemes over a field and is attributed to Gabber. The essential ingrediant is "Quillen’s trick"
which in [8] is adapted to the relative case for algebraic K-theory.
Theorem 3.1. Let X be the spectrum of a smooth local ring over an excellent discrete valuation
ring OK . Then
Ap(X) = 0
for p > 0. In other words the complex⊕
x∈X(0)
KMn (x) →
⊕
x∈X(1)
KMn−1(x) → ...→
⊕
x∈X(d)
KMn−d(x) → 0
is exact.
We need the following lemma:
Lemma 3.2. Let X be a smooth scheme of relative dimension d over an excellent discrete
valuation ring OK . Let Y a closed subscheme of codimension c > 0 which is flat over OK . Let
x ∈ Y . Then there is neighbourhood U ⊂ X of x such that
Ap(Y ∩ U)
i∗−→ Ap(U)
is zero, where i : Y ∩ U → U is the inclusion.
Proof. Replacing X by a smaller affine neighbourhood we may find a morphism
pi : X → Ad−1OK
of relative dimension 1 which is smooth at x and such that pi|Y is quasi-finite (see [8, Lemma 1]).
The inclusion i : Y → X induces a section σ : Y → Y ×
A
d−1
OK
X =: Z to the projection
q : Z := Y ×
A
d−1
OK
X → Y , i.e. there is commuative diagram
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Y  u
i
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗

✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
σ
  
❅❅
❅❅
❅❅
❅❅
Z
p
//
q

X
pi

Y
pi|Y
// A
d−1
OK
.
By Zariski’s main theorem (see [11, 18.12.13]) the quasi-finite morphism p factorises as an
open immersion Z → Z¯ followed by a finite morphism p¯ : Z¯ → X, i.e. there is commuative
diagram
Y  u
i
((◗
◗◗◗
◗◗◗
◗◗◗
◗◗
◗◗◗
◗

✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
σ

❄❄
❄❄
❄❄
❄❄
σ¯
// Z¯
p¯

D := Z¯ − Z? _oo
Z
p
//
q

<<②②②②②②②②②
X
pi

Y
pi|Y
// A
d−1
O .
Note that σ(Y ) is smooth over Y and that q is smooth at p−1(x). Therefore by [9, Exp. II, Thm.
4.15], σ(Y ) is regularly immersed at p−1(x). Passing to a smaller open subscheme of X we may
assume that σ(Y ) ⊂ Z is given by a section t ∈ OZ(Z). Let D := Z¯ − Z and σ¯ : Y
σ
−→ Z → Z¯.
Since σ is a closed immersion, D∩ σ¯(Y ) = ∅. By the Chinese remainder theorem, and modifying
X appropriately (see the proof of [5, Thm. 4.1]), t extends to a section of t′ ∈ OZ¯(Z¯) which is 1
on D. In particular, div(t′) = σ¯(Y ).
Let Q := Z − σ(Y ), Q¯ := Z¯ − σ¯(Y ), j : Q → Q¯, j′ : Q¯ → Z¯ and q′ := q|Q. Consider the
correspondence
H : Y
q′∗
−−→ Q
{t′}
−−→ Q
j∗
−→ Q¯
j′∗−→ Z¯
p¯∗
−→ X
giving a homomorphism
H : Cp(Y, n)→ Cp+1(X,n + 1).
This gives a chain homotopy in the sense that
dX ◦H +H ◦ dY = i∗.
In other words, the map of chain complexes i : Cd+1−c−∗(Y, n − c − ∗)[−c] → Cd+1−∗(X,n − ∗)
is null-homotopic and therefore the induced map on homology groups zero. Indeed,
dX ◦H = dX ◦ p¯∗ ◦ j
′
∗ ◦ j∗ ◦ {t
′} ◦ q′∗
= p¯∗ ◦ dZ¯ ◦ j
′
∗ ◦ j∗ ◦ {t
′} ◦ q′∗
= p¯∗ ◦ (j
′
∗ ◦ j∗ ◦ dQ + iZ¯−Z∗ ◦ ∂
Q¯
Z¯−Z
+ σ∗ ◦ ∂
Q
Y ) ◦ {t
′} ◦ q′∗
= p¯∗ ◦ j
′
∗ ◦ j∗ ◦ dQ ◦ {t
′} ◦ q′∗ + p¯∗ ◦ σ∗ ◦ ∂
Q
Y ◦ {t
′} ◦ q′∗
= −p¯∗ ◦ j
′
∗ ◦ j∗ ◦ {t
′} ◦ dQ ◦ q
′∗ + p¯∗ ◦ σ∗ ◦ id∗
= −H ◦ dY + i∗.
Note that the fourth equality follows from the fact that t′ is equal to 1 along D. 
Proof of Theorem 3.1. We have that
Cp(X,n) = lim−→
(U,x)
Cp(U, n)
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where U is a smooth scheme over O with Spec(Ux) = X. Furthermore
Cp(U, n) = lim−→
Y
Cp(Y, n)
where Y runs through the closed subschemes of U of dimension p. Therefore
Ad−p(X) = lim
−→
(U,x)
Ap(U, n) = lim−→
(U,x)
lim
−→
Y
Ap(Y, n).
Note that Ad−p(U) is generated by Ap(Y ) with Y flat over OK . In fact, if y ∈ Y
0 is contained in
the special fiber of X over OK , then by [20, Lem. 7.1] one can find an integral closed subscheme
Z ⊂ X of dimension p+ 1 satisfying the following conditions:
(1) Let XK be the generic fiber of X over OK , then Z ∩XK 6= ∅.
(2) y ∈ Z.
(3) Z is regular at y.
Let {α¯1, ..., α¯n} ∈ K
M
n (y). Let Z0 = ∪i∈IZ
(i)
0 ∪ {y} be the union of the pairwise different
irreducible components of the special fiber of Z with those irreducible components different from
{y} indexed by I. Since all maximal ideals, mi corresponding to Z
(i)
0 and my corresponding to
{y}, in the semi-local ring OZ,Z0 are coprime, the map OZ,Z0 →
∏
i∈I OZ,Z0/mi ×OZ,Z0/my is
surjective. Therefore we can lift each α¯i to some αi ∈ K
M
1 k(z), z being the generic point of
Z, which specializes to α¯i in K({y})
× and to 1 in K(Z
(i)
0 )
× for all i ∈ I. Let p˜i be the a local
parameter at y. Then
∂ : KMn+1k(z) → ⊕x∈Z(0)0
KMn k(x)
maps {α1, ..., αn, p˜i} to (0, ..., 0, {α¯1 , ..., α¯n}).
By Lemma 3.2 we have that Ap(Y )→ Ap(U) is the zero map for Y flat over OK and U small
enough. It follows that Ad−p(X) = 0 for p > 0. 
We summarise the proof as follows: we showed that elements in the Gersten complex being
supported on relative or horizontal subschemes of codimension > 0 vanish after taking homology
groups. But since we are only concerned with the part of the Gersten complex where the
codimension is > 0, all the supports can be moved into horizontal position.
4. Exactness at the first and second place
In this section we prove our main theorem.
Theorem 4.1. Let OK be an excellent discrete valuation ring with residue field k and local
parameter pi. Let X be a smooth excellent scheme over Spec(OK). Let A be the semi-local ring
associated to a set of closed points x1, ..., xl of X. Assume that the map
KˆMn (A(pi)) −→ K
M
n (Frac(A))
is injective. Then the map
KˆMn (A) −→ K
M
n (Frac(A))
is injective.
Proof. By a standard norm argument we may assume that k is infinite. Let d be the relative
dimension of X over OK . Consider the sequence of morphisms
(4.1) A→ lim
−→
f /∈piA
Af = A(pi) → A(pi)[1/pi] = Frac(A).
We are going to show that the first morphism induces an injection on Milnor K-groups. We
proceed by induction on d. Our induction assumption is the following: the first arrow in Sequence
(4.1) induces an injection on Milnor K-groups for any A as in the statement of the theorem if
the relative dimension of A over OK is ≤ d− 1. The case d = 0 is trivial.
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Let a ∈ ker[KMn (A) −→ K
M
n (A(pi))]. Then there is some f ∈ A such that a ∈ ker[K
M
n (A) →
KMn (Af )]. By Lemma 2.8 and possibly shrinking X around x1, ..., xl, we may assume that there
is a morphism
φ : X → AdOK
with the following properties:
(1) The map V (f) → AdOK is an embedding.
(2) φ is étale.
(3) Let y1, ..., yl denote the images of the closed points of A under φ. Let A
′ be the semi-local
ring at y1, ..., yl and let f
′ ∈ A′ be chosen according to (1) such that A/f ∼= A′/f ′. Then
A/f ∼= A⊗A′ A
′/f ′.
Now by Proposition 2.1 there is a co-Cartesian square
KMn (A
′) //

KMn (A
′
f ′)

KMn (A) // K
M
n (Af )
Since the square is co-Cartesian, the injectivity of the upper horizontal map implies the injectivity
of the lower horizontal map. It therefore suffices to show that the map
KMn (A
′) → KMn (A
′
f ′)
is injective. Note that pi does not divide f ′. Let a be in the kernel of this map and denote by
p1, ..., pm ∈ OK [t1, ..., td] the irreducible polynomials appearing in the symbols of a. Then pi ∈
A′∗. LetWi ⊂ V (pi), i = 0, ...,m be the join of the singular locus of V (pi) with
⋃
j 6=i V (pi)∩V (pj).
By the Noether normalization Theorem 2.7 there is a linear projection
p : AdOK → A
d−1
OK
such that p|V (pj) is quasi-finite and such that p(yi) /∈ p(Wj) for all i, j. However, by the following
argument we may assume that p|V (pj) is finite: replace V (pi) by V (pi) in P
d
OK
and take linear
form l such that V (l) does not contain any of the connected components of the special fiber of
the V (pi) or any of the yi. In this case V (pi) ∩ (P
d
OK
\ V (l)) is dense in V (pi). Then one can
choose a projection
p : AdOK
∼= PdOK \ V (l) → A
d−1
OK
which satisfies the required properties (see [21, Lemma 2.3]).
We now continue to follow the proof in [13, Sec. 6]. Let A′′ be the semi-local ring associated
to the points p(y1), ..., p(yl) ∈ A
d−1
OK
. Then A′′ ⊂ A′ is a local ring extension and because p|V (pi)
is finite it follows that pi ∈ A
′′[t] is monic and irreducible. Let q ∈ A′′[t] be a monic such that
the intersection of V (q) with p−1(p(yi)) consists of the points y1, ..., yl which are in the fiber of
p(yi) for all i = 1, ..., l. Then (q, p) = 1 for all i = 0, ...,m. This implies the existence of a map
Ktn(A
′′, q) → KMn (A
′)
and a is in the image of some element a′ ∈ Ktn(A
′′, q). We now show that a′ = 0. Consider the
commutative diagram
0 // KMn (A
′′) //

Ktn(A
′′, q)

//
⊕
gK
M
n−1(A[t]/(g))

// 0
0 // KMn (A
′′
(pi))
// Ktn(A
′′
(pi))
//
⊕
gK
M
n−1(A
′′
(pi)[t]/(g))
// 0
with exact rows by Proposition 2.3. The direct sum in the upper row is taken over all monic
irreducible g ∈ A[t] with (g, p) = 1. The direct sum in the lower row is taken over all monic
irreducible g ∈ A′′(pi)[t]. Since the left and the right vertical maps are injective on the relevant
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components by induction assumption and since the middle vertical map maps a′ to zero also by
assumption, it follows that a′ = 0. Indeed, to see that a′ maps to zero, note that the diagram
Ktn(A
′′, q)

// KMn (A
′)

Ktn(A
′′
(pi)) K
M
n (A
′
(pi))
oo
commutes. 
Theorem 4.2. Let OK be an excellent discrete valuation ring with residue field k. Let X be a
smooth excellent scheme over Spec(OK). Let x ∈ X be a closed point. Let η be the generic point
of the component of the special fiber of X which contains x. Assume that the sequence
(4.2) KMn (OX,η) −→ K
M
n (Frac(OX,x)) → K
M
n−1(k(η))
is exact. Then the sequence
(4.3) KMn (OX,x) −→ K
M
n (Frac(OX,x)) →
⊕
x∈Spec(OX,x)(1)
KMn−1(k(x))
is exact.
Proof. We show that the sequence
(4.4) KMn (OX,x) −→ K
M
n (OX,η) →
⊕
x∈Spec(OX,x)(1)−η
KMn−1(k(x))
is exact. In fact the exactness of the sequences (4.2) and (4.4) imply the exactness of sequence
(4.3): consider the diagram
KMn (Frac(OX,x)) // K
M
n−1(k(η))
KMn (OX,x) // K
M
n (OX,η) //
OO
⊕
x∈Spec(OX,x)(1)−η
KMn−1(k(x)).
If a ∈ ker[KMn (Frac(OX,x)) →
⊕
x∈Spec(OX,x)(1)
KMn−1(k(x))], then a ∈ ker[K
M
n (Frac(OX,x)) →
KMn−1(k(η))] and therefore by (4.2), a ∈ ker[K
M
n (OX,η) →
⊕
x∈Spec(OX,x)(1)−η
KMn−1(k(x))] which
by the exactness of (4.4) implies that a ∈ KMn (OX,x).
We proceed by induction on the relative dimension d of X over OK in (4.4). Assume that
(4.4) is exact if the relative dimension is ≤ d− 1. Note that this is trivially true if d = 0.
We now closely follow the proof given in [12, Sec. 4.2 and 4.3]. First note that every el-
ement a ∈ ker[KMn (OX,η) →
⊕
x∈Spec(OX,x)(1)−η
KMn−1(k(x))] is induced by an element a0 ∈
KMn (A[1/f ]) for some f ∈ A \ {0} and ∂x(a0) = 0 for every x ∈ (V (f))
(0). Now by Lemma 2.8
and possibly shrinking X we can find an étale morphism
φ : X → AdOK
such that there is an f ′ ∈ O
Ad
OK
,φ(x) =: A
′ and an isomorphism
φ : A′/(f ′)→ A/(f)
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with φ∗(f ′) = f . Now consider the commutative diagram
KMn (A
′)

// KMn (A
′[1/f ′]) //
j

⊕
x∈V (f ′)(0)
KMn−1(x)
∼=

KMn (A)
i
// KMn (A[1/f ])
//
⊕
x∈V (f)(0)
KMn−1(x).
in which the morphism on the right is an isomorphism. Now by Lemma 4.2.2 of loc. cit. we have
that KMn (A[1/f ]) = im(i) + im(j). Note that the proof of loc. cit. is formulated in the context
of smooth varieties over a field but transfers word by word to our situation. By a diagram chase
this reduces the exactness of the second row to showing the exactness of the first row.
We now show that the theorem holds for AdOK . Recall that we still proceed by induction on
the relative dimension d.
Let X be an irreducible scheme as in the statement of the theorem with generic point η˜. Let
{ηi} be the set of generic points of the special fiber of X. Set
K¯Mn (X) := ker[K
M
n (η) →
⊕
x∈X(1)−{ηi}
KMn−1(x)].
Then for y ∈ (AdOK )
(d+1) we have that
lim
−→
U⊂Ad
OK
,y∈U
K¯Mn (U) = ker[K
M
n (η) →
⊕
x∈(Ad
OK,y
)(1)−η
KMn−1(x)].
In particular an element a ∈ ker[KMn (η) →
⊕
x∈(Ad
OK,y
)(1) K
M
n−1(x)] extends to an element a¯ ∈
K¯Mn (U) for some U ⊂ A
d
OK
. Let Di, i = 1, ..., λ, be the divisors of A
d
OK
− U . As in the proof
of Theorem 4.1 choose U and AdOK such that for each i the special fiber of Di is dense in the
special fiber of the closure of Di in P
d
OK
. Let ξi denote the generic point of Di. Note that
∂ξi(a¯) ∈ K
M
n−1(ηi) is not necessarily zero but in the image of K
M
n−1(H
0(Ωi)) for some affine open
dense subscheme Ωi ⊂ Di. Now choose a projection
p : AdOK → A
d−1
OK
such that for all i
(1) p is finite when restricted to Di,
(2) p(y) /∈ p(Di −Ωi).
Let A′′ be the local ring Ad−1OK ,p(y) and consider the base change
p : A1R → Spec(A
′′).
Now consider the exact sequence
0→ KMn (A
′′)→ Ktn(A
′′)→
⊕
g
KMn−1(A
′′[t]/(g)) → 0
where the direct sum is over all monic irreducible g ∈ A′′[t]. By condition (1) and (2) one can
pick a b ∈ Ktn(A
′′) such that ∂(b) = ∂ξi(a¯) = ∂g(a¯) and 0 otherwise. Since y is not contained
in any of the Di it can furthermore be chosen such that it induces an element in K
M
n (A
1
A′′,y).
Therefore if a¯ − b ∈ K¯Mn (A
1
A′′) is in the image of K
M
n (A
1
A′′,y), then also a¯ is in the image of
KMn (A
1
A′′,y). We may therefore assume that a¯ ∈ K¯
M
n (A
1
A′′). But K¯
M
n (Spec(A
′′)) ∼= K¯Mn (A
1
A′′) by
homotopy invariance and by our induction assumption the map KMn (A
′′) → K¯Mn (Spec(A
′′)) is
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surjective. For the homotopy invariance of K¯Mn note that we have a commutative diagram with
exact rows and collumns
0

0

K¯Mn (A
′′)

// K¯Mn (Spec(A
′′[t]))

0 // KMn (Frac(A
′′))

// KMn (Frac(A
′′)(t))
∂
//
∂′

⊕
pi
KMn−1(Frac(A
′′)[t]/pi) // 0
⊕
x∈Spec(A′′)(1)
KMn−1(x)
//
⊕
x∈Spec(A′′[t])(1)
KMn−1(x)
and that ker(∂′) ⊂ ker(∂). The middle row is the original Milnor-Bass-Tate sequence. 
Corollary 4.3. Let OK be a discrete valuation ring with residue field k. Let X be a smooth
excellent scheme over Spec(OK). Then the sequence of sheaves
KˆMn,X
i
−→
⊕
x∈X(0)
ix∗K
M
n (x) →
⊕
x∈X(1)
ix∗K
M
n−1(x) → ...
⊕
x∈X(d)
ix∗K
M
n−d(x) → 0
is exact. Furthermore, if OX,η is the discrete valuation ring induced by the generic point of the
special fiber, then i is injective if the map
KˆMn (OX,η) → K
M
n (Frac(OX,η))
is injective.
Proof. Let x ∈ X be a (not necessarily closed) point. By Theorem 3.1 it suffices to show that
the sequence
(4.5) 0→ KˆMn (OX,x)
α
−→ KMn (Frac(OX,x))
β
−→
⊕
x∈Spec(OX,x)(1)
KMn−1(k(x))
is exact at the second place and injective if KˆMn (OX,η) → K
M
n (Frac(OX,η)) is injective. Now
for each element in the kernel of α (resp. β) one can choose a closed point y contained in {x}
such that it is induced by an element of KMn (OX,y). We may therefore assume that x is closed
in which case the result follows from Theorem 4.1 and Theorem 4.2. Indeed, Sequence (4.2) is
always exact. For a textbook reference for this fact see [7, Prop. 7.1.7].

5. Gersten conjecture for henselian DVRs with finite residue field
In this section we prove the Gesten conjecture for henselian DVRs with finite residue field.
This follows from the complete case proved in [4] by an algebraization technique. The result is
independent of the rest of the results of the article.
Theorem 5.1. Let O be an excellent henselian discrete valuation ring with quotient field F and
finite residue field κ. Then the sequence
0→ KˆMn O → Kˆ
M
n F → K
M
n−1κ→ 0
is exact.
12 MORTEN LÜDERS
Proof. The exactness of KˆMn O → Kˆ
M
n F → K
M
n−1κ → 0 is shown in [4, Prop. 2.7]. It therefore
remains to be shown that the map KˆMn O → Kˆ
M
n F is injective. Let Oˆ be the completion of O
along the maximal ideal m of O. By [10, 7.8.3(v)] the map O → Oˆ is geometrically regular.
Therefore by Neron-Popescu desingularization O → Oˆ is a filtered colimit of smooth O-algebras
Ai, i.e. lim−→
Ai = Oˆ. By Elkik’s theorem the map O → O/m has the right lifting property with
respect to smooth maps. In particular the dotted arrow in the diagram
O //

O

Ai //
66
Oˆ // O/m
exists giving a split injection O → Ai. Since Milnor K-theory commutes with colimits, this im-
plies that the map KˆMn O → Kˆ
M
n Oˆ is injective. The statement now follows from the commuative
diagram
KˆMn Oˆ
  // KMn (Frac(Oˆ))
KˆMn O //
?
OO
KMn (F )
OO
and the fact that the upper horizontal map is injective by [4]. 
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